ON RADICALS OF MODULE COALGEBRAS 



YUQUN CHEN, SIU-HUNG NG, AND KAR-PING SHUM 

Abstract. Wc introduce the notion of idcmpotcnt radical class of module coalgebras 
over a bialgebra B. We prove that if TZ is an idempotent radical class of B-module 
coalgebras, then every B-module coalgebra contains a unique maximal _B-submodule 
coalgebra in TZ. Moreover, a B-module coalgebra C is a member of TZ if, and only 
if, DB is in TZ for every simple subcoalgebra D of C. The collection of i3-coclcft 
coalgebras, and the collection of i?-projective module coalgebras over a Hopf algebra 
H are idempotent radical classes. As applications, we use these idempotent radical 
classes to give another proofs for a projectivity theorem and a normal basis theorem of 
Schneider without assuming bijective antipode. 



1. Introduction 

In [5], it has been proved that for any module coalgebra C over a finite-dimensional 
Hopf algebra H, there exists a unique maximal if-submodule coalgebra 'P(C) of C such 
that V{C) is a projective if-module. More importantly, the (iir-)projectivity of C can 
be completely determined by the projectivity of the if-submodules generated by the 
simple subcoalgebras of C. Projectivity of modules over any ring, in general, is not 
preserved under direct limit. However, projectivity of if-module coalgebras behaves 
quite differently. Indeed, the collection of projective if-module coalgebras carries cer- 
tain properties which allow the existence of unique maximal projective if-submodule 
subcoalgebra of any given if-module coalgebra. This example is a prototype of idempo- 
tent radical classes introduced in the sequel. 

In this paper, we will give the definitions of radical class and idempotent radical class 
of the category Coalg-i? of right module coalgebras over a bialgebra B. They are indeed 
generalizations of coradical of coalgebras. We show that if TZ is an idempotent radical 
class of Coalg-i?, then for any C G Coalg-i?, there exists a unique maximal subcoal- 
gebra 7^(C) of C such that TZ{C) is a member of TZ. Moreover, C G 7^ if , and only if, 
DB G TZ for all simple subcoalgebras D of C. 

To demonstrate the abundance of idempotent radical classes, we shall prove that the 
following well-known classes of right 5-module coalgebras are idempotent radical classes: 

(i) the collection P of all projective if-module coalgebras over a Hopf algebra H; 

(ii) the collection S of all i?-module coalgebras C for which the functor 

? : A^g — > M^, M = M/MB+ 
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defines an equivalence; 
(iii) the collection C of all cocleft 5-module coalgebras. 

As applications of these idempotent radical classes, we shall give another proofs for a 
projectivity theorem and a normal basis theorem of Schneider [7j. Obviously, Radford's 
freeness theorem |6] for pointed Hopf algebras is an immediate consequence of Schnei- 
der's results. 

Throughout this paper, we will assume all the algebras and coalgebras are over the 
same ground field k unless stated otherwise. The tensor product ®fc over the base field 
k will simply be denoted by ®, and we always use B to denote a bialgebra over k. 

2. Radical classes of Module Coalgebras 

Let B he a bialgebra over a field k. A coalgebra C over k is said to be a (right) 
B -module coalgebra, or a module coalgebra over i? if C is a right 5-module and the 
coalgebra structure maps A : C — > C ® C and e : C — > k are 5-module maps, where 
C ® C is the right 5-module with diagonal 5-action and k is considered as a trivial B- 
module. The category of all (right) 5-module coalgebras will be denoted by Coalg-i?. 

For any 5-module coalgebra C, we will simply call a subcoalgebra of C, which is 
invariant under the 5-action, a B-submodule coalgebra of C. 

If X, Y are subspaces of a 5-module coalgebra C, recall [S] that the "wedge" X /\Y 
is defined as 

X ^Y = ^-\x ®C + C®Y). 

Following [1] and 0, we define /\^ X = X and A""^^ X = X A (A" ^) for n > 1. If AT 
contains the coradical Cq of C, then we have 

n 

n>l 

In particular, if both X and Y are 5-submodule coalgebras of C, then so is X A Y . 

For any collection IZ of 5-module coalgebras, we simply call a member of TZ an TZ- 
coalgebra. For C G Coalg-i?, a i?-submodule coalgebra of C, which is also a member of 
71, is called an TZ-subcoalgebra of C. Now, we can introduce our definition of a radical 
class. 

Definition 2.1. Let B he a bialgebra. A non-empty collection TZ of objects in Coalg-S 
is said to be a radical class if it satisfies the following conditions: 

(Rl) 7Z is closed under subobjects, i.e. every 5-submodule coalgebra of an 7?.-coalgebra 
is an 7^-coalgebra. 

(R2) For any C G Coalg-i? and {Cjjig/ a family of 7?.-sub coalgebras of C, Xlie/ ^ 

7^. 

A radical class TZ of Coalg-i? is called idempotent if it satisfies 
(R3) For any C G Coalg-i?, if Ci, C2 are 7^-sub coalgebras of C, then Ci A C2 G TZ. 
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Definition 2.2. Let TZhe a radical class of Coalg-_B. For C G Coalg-i?, the IZ-radical 
of C is defined as the sum of all the 7^-subcoalgebras of C, and is denoted by TZ{C). 

It follows immediately from the definition that 7^(C) is the unique maximal TZ- 
subcoalgebra of the 5-module coalgebra C. Indeed, the notion of 7?.-radical of module 
coalgebras is a generalization of coradical of coalgebras. 

Example 2.3. Let B be the trivial bialgebra k. Then Coalg-i? is simply the category 
of all coalgebras over k. Consider the collection TZ of all semisimple coalgebras over 
k. By 121 Theorem 3], every subcoalgebra of a semisimple coalgebra is semisimple, and 
the sum of a collection of semisimple subcoalgebras of a coalgebra C is also semisimple. 
Therefore, 7^ is a radical class of Coalg-i?, and TZ{C) is the coradical Cq of C. Obviously, 
71 is not idempotent. 

Similar to the properties of coradical of coalgebras, we have the following result: 

Proposition 2.4. Let TZ be a radical class of Coalg-B, and C G Coalg-i?. 

(i) If D is a B-submodule coalgebra of C , then TZ{D) = 7^(C) fl D. 

(ii) If C is a direct sum of a family {Ci} of B-submodule coalgebras, then TZ{C) = 

Proof (i) Clearly, 7^(D) C 7^((7) and hence 7^(D) C 7^(C) n D. Conversely, since 
7^(C) n D is an 7^- sub coalgebra of D, 7^(C) nD C n{D). 

(ii) If C = ■ Ci as 5-module coalgebras, it follows from [21 Theorem 3] that 'R-{C) = 
e,(7^(C) n a). Hence, by (i), 7^(C) = e,7^(a). □ 

If TZ is an idempotent radical class of Coalg-i?, it is immediate to see that 

7^(C) A7^(C) =7^(C). 

Moreover, the membership of a 5-module coalgebra in TZ can be determined by its 
simple subcoalgebras. 

Proposition 2.5. Let TZ be an idempotent radical class of Coalg-i?. The following 
statements concerning a B -module coalgebra C are equivalent : 

(i) C is an TZ-coalgebra. 

(ii) There exists an TZ-subcoalgebra C of C which contains the coradical Cq of C. 

(iii) For every simple subcoalgebra D of C, DB is an TZ-subcoalgebra of C. 

Proof, ((i) (ii)) and ((ii) =^ (hi)) follow directly from (Rl). 

(iii) =^ (i): Since DB is an 7^-sub coalgebra of C for every simple subcoalgebra D of C, 
CqB is an 7?.-sub coalgebra by property (R2) where Cq is the coradical of C. It follows 
from (R3) that /\" CqB is an 7^-subcoalgebra for any n > 1. Hence, X]n>i A" ^qB is an 
7?--subcoalgebra. The result follows from (R2) and the fact that 

C = J2KCoB. □ 

n>l 

In closing this section, we give several equivalent formulations of idempotent radical 
class for the sake of convenience of further discussion. 

Proposition 2.6. Let B be a bialgebra, and TZ a non-empty collection of objects in 
Coalg-i? which satisfies the conditions (Rl) and (R3). Then TZ is an idempotent radical 
class of Coalg-i? if, and only if, one the following conditions holds: 
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(R2) For any C G Coalg-i?, ^/{Cjjjg/ is a family ofTZ-suhcoalgehras of C , then^-d 
is an TZ-suhcoalgehra of C . 
(R2a) For any C G Coalg-i?, if {Ci}i(zi is a chain of IZ-suhcoalgehras of C , then {J^Ci 

is also an TZ-subcoalgehra of C. 
(R2b) For any C G Coalg-S, there exists a maximalTZ-suhcoalgehra of C . 

Proof. It suffices to show that (R2), (R2a) and (R2b) are equivalent conditions under 
the hypotheses (Rl) and (R3). Obviously, (R2a) is an immediate consequence of (R2). 
By Zorn's Lemma, (R2b) follows from (R2a). Suppose that the condition (R2b) holds 
for IZ. Let C G Coalg-i? and D a maximal 7^-subcoalgebra of C . We claim that D 
contains all the 7^-subcoalgebras of C . If not, there exists an 7?.-subcoalgebra D' of C 
such that D' (^D. Then 

DCD' + D(ZD' ^D. 

By (R3), D' A D is also an 7?.-subcoalgebra of C which properly contains D. This 
contradicts the maximality of D. 

Let {Ci} be a family of 7^-subcoalgebras of C. Then Ci D for i & L Therefore, 
XliG/ ^« — follows from (Rl) that Xljg/^« ^^^^ 7?.-subcoalgebra of C. Hence, 

(R2) holds for 7^. □ 



3. Projective Radical 

In this section, we will show that if if is a Hopf algebra, the collection V of {H- 
)projective iJ-module coalgebras is an idempotent radical class of Coalg-if. We begin 
with a short review on Hopf modules. 

Let -B be a bialgebra and C G Coalg-i?. Recall that a (right) (C, i?)-Hopf module 
M is a right i?-module and a right C-comodule such that the C-comodule structure 
map p : M — > M C is a 5-module map, where M ® C uses the diagonal 5-action. 
The category of (C, i?)-Hopf modules is denoted by The morphisms between two 

(C, i?)-Hopf modules are those 5-module maps which are also C-comodule maps at the 
same time. The category ^}Ab can also be defined similarly, and both ^M.b and Ai^ 
are abelian categories. 

Recall the "wedge" product for comodules from [8]. Suppose C G Coalg-i? and 
M G M.%. For /c-subspaces N C M and X C C, the wedge product N AX is defined to 
be the kernel of the map 

M ^ M ® C — > M/N (g) C/X . 

If X is a i?-submodule of M and X is a (C, i?)-Hopf submodule of C, then N A X is 
also a (C, i?)-Hopf submodule of M. li M = C and both N and X are 5-submodule 
coalgebras of C, then X A X is a i?-submodule coalgebra of C. 

Lemma 3.1. Let B be a bialgebra and C G Coalg-i?. Suppose that Ci, C2 are B- 
submodule coalgebras of C . Then for any M G Mb'^^\ the sequence 

— ^ {0} A Ci — > M — > A'//({0} A Ci) — ^ 

IS exact in M%'^^\ Moreover, {0} A Ci G and Af/({0} A Ci) G M%\ 
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Proof. Notice that Ci, C2 are -B-submodule coalgebras of Ci A C2. Hence, {0} A Ci is a 
{Ci A C2, S)-Hopf submodule of M. Since Mb'""^' is an abelian category, the quotient 
M/ ({0} A Ci) is also a (Ci A C2, -B)-Hopf module and the exact sequence follows easily. 
It follows immediately from the definition of wedge product that 

PA/({0}ACi) C ({0} ACi)®Ci, 

where pm '■ M — > M ® C is the (Ci A C2)-comodule structure map of M. Therefore, 
{0} ACi e Mb'- Since 

M = {0} A {Ci A C2) , 
by the associativity of wedge product (cf. [HI Proposition 9.0.0]), 

M = ({0} A Ci) A C2 . 

Let r]i : M — > M/({0} A Ci) and r/2 : Ci A C2 — ^ (Ci A C2)/C2 be the natural 
surjections. Then 

('71 ® V2) o Pm = 0. 

Hence, 

(r/i ® 1) o Pm(M) C M/({0} a Ci) ® C2 . 
Therefore, M/({0} A Ci) G □ 

Theorem 3.2. Let H be a Hopf algebra, and V the collection of all right H-module 
coalgebras which are projective H-modules. Then V is an idempotent radical class of 
Coalg-i/. 

Proof. Let C G Coa\g-H. Recall from [1] that C is a projective if-module if, and only 
if, there exists a right if-module map ip : C — > H such that 

(3.1) eHo^lj = ec. 

In this case all the right (C, i/)-Hopf modules are projective if-modules. By Proposition 
12. 6t it suffices to show that V satisfies (Rl), (R3) and (R2b). 

(Rl) Let C be a "P-coalgebra. For any if-submodule coalgebra D of C, D is a right 
(C, if)-Hopf module and hence a projective if-module. 

(R3) Let C G CoaIg-i7, and let Ci, C2 be "P-sub coalgebras of C. Then, by the 
preceding remark, Ci A C2 is also a right if-module coalgebra. Now, by Lemma [3.11 the 
sequence 

— ^ Ci — ^ Ci A C2 — > (Ci A C2)/Ci — > 
is exact in Mh'''^\ Moreover, (C^ A ^2)/^! G M^^. Therefore, (Ci A C2)/Ci is a 
projective //-module, and so the sequence is split exact in Jvlodn- Thus Ci A C2 = 
Ci © {Ci A C2)/Ci as //-modules. Hence Ci A C2 is a projective //-module. 

(R2b) Let C G Coalg-// and S the set of all pairs {D,ijj) in which D is a V- 
subcoalgebra of C and tp : D — > // is a right //-module map satisfying (13. ip . We 
define the partial ordering < on the non-empty set S as follows: 

{D,ip) < {D',ij') if DCD' and f\D = tlj. 

Suppose that {{Di, ipi)} is a chain in S. Let D = [J-Di and define ip : D — > H as 

%Ij{x) = ipi{x) if X E Di . 

Obviously, is a right //-submodule coalgebra of C. Since {(/)j,?/'j)} is a chain, the 
function ip : D — > // is a well-defined right //-module map which satisfies (13. ip . and so 
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{D, Ip) G S. By Zorn's Lemma, there is a maximal element {D, ip) G S. If follows from 
[1] that D is a "P-subcoalgebra of C . We now claim that D is a maximal "P-subcoalgebra 
of C. If the claim is false, then there exists a "P-subcoalgebra D' of C such that D C D' . 
Since D' / D G A^f^ , D' / D is a right projective if-module and so the sequence 

— >D — > D' — > D'/D — > 

is split exact in Aiodn- Therefore, D' = D © M for some if-submodule M of D'. Let 
ip' : D' — > if be a right if-module map satisfying (13. II) . Consider the map ip = tp(Bip'\M- 
Then ip : D' — > H is also a right ii-module map satisfying (13. ip and iP\d = ip- This 
leads to {D,ip) ^ {D',ip), a contradiction! □ 

The following corollary generalizes [5l Corollary 10] to arbitrary Hopf algebras. 

Corollary 3.3. Let H be a Hopf algebra. For every H -module coalgebra C , there exists 
a unique maximal projective H-submodule coalgebraV{C) of C . Moreover, the following 
statements about a right H -module coalgebra C are equivalent: 

(i) C is H-projective; 

(ii) there exists an H-projective submodule coalgebra ofC which contains the coradical 
Co; 

(iii) DH is H-projective for every simple subcoalgebra D of C . 

Proof. The corollary follows directly from Theorem 13.21 and Proposition 12. 5[ □ 

As an application of projective radical of ii-module coalgebra, we give another proof 
for a projectivity result obtained by Schneider in [7]. 

Corollary 3.4 (Schneider). Let H be a Hopf algebra and C a right H -module coalgebra 
over the field k. Let G{C) be the set of group-like elements of C. Assume that 

(i) the coradical of C ®k' is contained in G{C ® k') {H ® k') for an extension k' 3 k, 
and 

(ii) the canonical map can : C ® H — > C ® C defined by 

can : c<S)b Ci ® C26 

is injective. 
Then C is a projective H -module. 

Proof. Since C is //-projective if, and only if, C ® k' is H ® /c'-projective for some 
extension k' ^ k, we may simply assume k = k'. 

For g G G{C), the surjective map (p : H — > gH defined by (p{h) = gh is an H- 
module coalgebra map. The injectivity of can implies that (p is also an isomorphism. 
In particular, gH is an H-hee submodule coalgebra of C. By Theorem 13.21 and (R2), 
eG(C) 9H is an //"-projective submodule coalgebra of C, and it contains 
the coradical of C. It follows from Corollary 13.31 that C is a projective //-module. □ 

4. £ IS AN IDEMPOTENT RADICAL CLASS 

Let C be a /^-module coalgebra. Then C = C/CB^ admits a natural coalgebra 
structure, where = kere^, and the natural surjection t]c ■ C — > C is a coalgebra 
map. For any right /^-module M, we let 

M = M/(M5+), 
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and T]M '■ M — > M, m fn, the quotient map. If M G then M admits a natural 

right C-comodule structure, and ? : Ai^ — > Ai'", M i— > M, defines a /c-hnear functor. 

For any N E Ai^ , the cotensor product NO-qC is defined as the kernel of the map 
Pn ® idc - idTv ®(?7c ® id) o Ac : iV ® C — > N (»C®C. 

The cotensor product NO-^C has a right (C, i?)-Hopf module structure inherited from 
C, and ? n^C* : A^*" — ^ ^ /c-linear functor. Moreover, the functor ? is left 

adjoint to ? O-^C with the unit S and counit 6 of the adjunction given by 

Hjvf : M — > MD^C , m h-» (g) mi 



Gat : iVD^C — > iV , ^ rii ^ Cj f-^ ^ nie(ci) 

where M G and G . In particular, ? DcC* is left exact and ? is right exact 
(cf. [3 Theorem 2.6.1]). 

In this section, we prove in Corollary lU that ? : A^g — > is an equivalence if, 
and only if, for all M G M^, (i) Torf(M, fc) = 0, and (ii) M = whenever M = 0. 
Using this characterization for the equivalence of ?, we show in Theorem 14.41 that the 
collection 

£ = {C E Coalg-5 I the functor ? : M% — > is an equivalence} 

is an idempotent radical class of Coalg-i?. The result will be used to show that the 
5-cocleft module coalgebras also form an idempotent radical class. We begin with a 
characterization for the equivalence of the functor ?. 

Proposition 4.1. Let B be a bialgebra, and C a right B-module coalgebra. Then the 
following statements are equivalent: 

(i) the functor ? : A^g — > Ai*" is an equivalence; 

(ii) the functor ? is exact, and for any M G M%, M = implies M = 0; 

(iii) the unit S and counit G of the adjunction are isomorphisms. 

Proof. The implications ((i) => (ii)) and ((iii) =^ (i)) are straightforward. It remains to 
show that (ii) implies (iii). 

For any fc-space V, V ^ C admits a right (C, i?)-Hopf module structure induced by 
the 5-action and comultiplication of C, and J-'iV) := V" ® C is a right C-comodule with 
its structure inherited from the comultiplication of C. The map 



is an isomorphism of (C, -B)-Hopf modules. Note that rj : V ® C — > ^{y), defined by 
?7 : f (g) c I— >■ w ® c, is an isomorphism of right C-comodules, and the diagram 



Tiv)ncC F ® c 

V(v)' 





8 YUQUN CHEN, SIU-HUNG NG, AND KAR-PING SHUM 

commutes. Therefore, Qj^(^v) is an isomorphism. 

For G TW^, the C-comodule structure map pn '■ N — > ^{^) is an injective 
C-comodule map. Let 

N' ■= cokeipN = J^{N)/pn{N), 
and let g be the composition 

J^{N) ^ N' ^ J^{N'), 
where vr is the natural surjection map. Then we have the exact sequence 

— >N ^ J^{N) ^ T{N') 

in M'^. 

Assume (ii) holds. Since ? DqC is left exact and ? is exact, we have the following 
commutative diagram: 



NDcC J^{N)ncC J^{N')ncC 

N J^{N) J^{N' 



where the rows are exact, and both Qy^[N) and 0jr(jv') are isomorphisms. It follows from 
diagram tracing that Gat is also an isomorphism. 
For any M G A^§, we have the exact sequence 

^ ker Em ^ M MD^C ^ coker Sm ^ 

in By the exactness of ?, we also have the exact sequence 



^ ker Em ^ M ^ AfD^C ^ coker Hm ^ 

in tW"^. Since the equation 

©17 ° = i^M 

holds for every M G and Qm is an isomorphism, so is Em- Therefore, 



ker Em = = coker Em ■ 

It follows from (ii) that 

ker Em = = coker Em- 
Hence, Em is an isomorphism. □ 

Proposition 4.2. Let B be a bialgebra and C a right B-module coalgebra. Then the 
functor ? : M.^ — > Ai^ is exact if, and only z/Torf (M, k) = for all M G Ai']^, where 
k is considered as a trivial left B-module. 



Proof. Let 



— ^ Ml ^ M2 M3 — ^ 



be an exact sequence in A4%. By the associated long exact sequence, the sequence 
(4.2) Torf (M3, k) ^M,0Bk M2 0b k M3 ®b A; 
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is exact. Note that 0m : M — > M ®b defined by : m i— m ® 1 for m G M, is 
a natural isomorphism of /c-Iinear spaces. If Torf (M, k) =Q for all M E M% then it 
follows from (14. 2 p that the sequence 

-> Ml ®B A; M2 ®B A; M3 ®b A; ^ 

is exact. By the naturality of that the sequence 

— ^Mi^Ms-^Mg — ^0 

is exact in A^*-^. Therefore, ? is an exact functor. 

Conversely, assume ? is exact. For M E with C-comodule structure pM '■ M — > 
M ®C, let g{M) := M®B he the right (C, 5)-Hopf module with the 5-action -, and 
the C-coaction pg(M) : G^M) — > G{M) ® C given by 

{m ®h) ■ h = m ®hh and 

Pg{M){i^ ®b) = ^"^0 ® &i ® mi62 

for all m G M and b,h E B, where Pm{iti) = XI "^0 ® "^i ^^iid A (6) = ^ 61 ® &2- Notice 
that the -B- module structure map p : ^(M) — > M of M is a (C, i?)-Hopf module map, 
and so we have the exact sequence 

ker/i g{M) M 

in where i is the inclusion map. By the naturality of 0, we have the commutative 

diagram 

(4.3) 



-ker/i ^g{M) -M 



Torf (^(M), k) ^ Torf (M, k) ^ ker p(^Bk ^ g{M) k — ^ M®Bk, 

where top and bottom rows are exact by the exactness of ? and the associated long exact 
sequence respectively. In particular, ker(z (E)b k) =0 and so the map 

Torf (g(M), k) — ^ Torf (M, k) 

in the diagram is surjective. Since Q{M) is a free right i?-module, Torf (^(M), A;) = 0. 
Therefore, Torf (M, A;) = 0. □ 

Corollary 4.3. Let B be a bialgebra, and C a B -module coalgebra. Then the functor 
? : — > Ai'" is an equivalence if, and only if, the following conditions hold for all 
M E M%: 

(i) Torf (M, A:) = 0, and 

(ii) M = implies M = 0. 

Proof. The statement follows immediately from Propositions 14.11 and 14.21 □ 
Now we turn to the main result of this section. 
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Theorem 4.4. Let B be a bialgebra and S the collection of all the B-module coalgebras 
C such that ? : — > M.'-' is an equivalence. Then S is an idempotent radical class 
of Coalg-B. 

Proof. By Proposition 12. 6[ it suffices to show that £ satisfies (Rl), (R2a) and (R3). 

(Rl) Let C be an £^-coalgebra, and D a i?-submodule coalgebra of C. For M G A^^, 
M E M%. By Corollary I4l3l ? : — > is an equivalence. 

(R2a) Let C be a right i?-module coalgebra and {Cj} a chain of £^-subcoalgebras of C . 
Then D := [j^ d is a 5-submodule coalgebra of C. For M e M^, let Mi = {0} A Q. 
Then Mi E M^' and 

(4.4) M = [jM,. 

i 

It follows from Corollary 14.31 that 

Torf(Mi,fc) = 

for all i. Since Torf (— , k) commutes with direct limit (cf. Pi Corollary 2.6.17]), we have 

Torf (M, k) = lim Torf (M^, k) = . 

Therefore, the functor ? : J^j^ — > Ai^ is exact by Proposition 14. 2[ Suppose M = 0. 
By the exactness of ?, the sequence 

^ Mi M 

is exact for all i , where j is the inclusion map. Hence, Mj = for all i. By Corollary 
EM Mi = for all i. It follows from that M = 0. Therefore, by Corollary iJl D 
is an ^-subcoalgebra of C. 

(R3) Let Ci, C2 be £^-sub coalgebra of a 5-module coalgebra C, and D' = Ci A C2. 
For M G , by Lemma [3.11 we have the exact sequence 

(4.5) — ^ {0} A Ci — >M — > M/({0} A Ci) — ^ 

in M^' with {0} A Ci G M^' and M/({0} A Ci) E M^^. In particular, 

Torf (M/({0} A Ci), A;) = = Torf ({0} A Ci, k) . 

By the associated long exact sequence of (14. 5p . we have the exact sequence 

Torf ({0} A Ci, k) — ^ Torf (M, k) — ^ Torf (M/({0} A Ci), k) . 

Therefore, Torf (M, k) = 0. Hence by Proposition l42l the functor ? : A^^' — > M^' is 
exact. Suppose M = 0. Then, by (14.51) and the exactness of ?, we have 

{0} A Ci = = M/{{0}ACi). 
Since Ci, C2 are £^-coalgebras, it follows from Corollary 14.31 that 

{0} A Ci = = M/({0} A Ci) 
and hence M = 0. By Corollary 14.31 again. D' is an £^-coalgebra. □ 
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5. CocLEFT Radical 

In this section, we prove that the collection C of all cocleft i?-module coalgebras is 
an idempotent radical class. As an application, we use this result to give another proof 
for a normal basis theorem of Schneider [TJ Theorem III] without assuming bijective 
antipode of the underlying Hopf algebra. We begin with some definitions and properties 
of cocleft i?-module coalgebras. 

Definition 5.1. Let 5 be a bialgebra and C a right 5-module coalgebra. 

(i) C is said to have a normal basis if 

C = C ® B as left C-comodule and right i?-module. 

(ii) C is said to be B-cogalois if the map 

can -.C^B — > CU-^C , c (g) 6 ^ ci (g) C2& 

is a /c-linear isomorphism. 

(iii) A i?-module map 7 : C — ^ B is called a cointegral if 7 is convolution invertible. 

(iv) C is said to be B-codeft it admits a cointegral. 

(v) A 5-submodule coalgebra D of C is called a 5-cocleft subcoalgebra if D is B- 
co cleft. 

It was proved in [3j that C is 5-cocleft if, and only if, C is i?-cogalois and has a 
normal basis. In this case, ? : — > AA^ is an equivalence and all the (C, -B)-Hopf 
modules are free -B-modules. In particular, a i?-cocleft coalgebra is an ^-coalgebra or 
CdS. 

Lemma 5.2. Let B he a bialgebra, and C an S-coalgebra. Suppose that for every simple 
subcoalgebra E of C there exists a B-cocleft subcoalgebra D of C such that E C ric{D), 
where rjc '■ C — ^ C is the natural surjection. Then C is B-cocleft. 

Proof. By Proposition 14. 1^ both of O and S are isomorphisms and so ? D^C : Ai'" — > 
Ai^ is a /c-linear equivalence. In particular, C is an injective left C-comodule. In order 
to show that C is 5-cocleft, by |3l Theorem 2.3], it suffices to show that C admits a 
normal basis. By [TJ Collorary 2.2], it is enough to show that EO-qC = E ^ B as left 
i?-comodule and right 5-module for all simple subcoalgebra E of C. 

Let E he a simple subcoalgebra of C, and D a 5-cocleft subcoalgebra of C such that 
E C ric{D). Let i : D — ^ C be the inclusion map. Then i is a monomorphism in 
and i{D) = r]c{D). Since ? : — > is exact, i : D — f]c{D) is a coalgebra 
isomorphism. Thus E can be viewed as a right D-comodule via i. Notice that E\3j)D 
is a (C, i?)-Hopf submodule of E\3-(jC. Let j : E\3j)D — > E\3-^C be the inclusion map. 
Then we have the following commutative diagram 



EU-^D EUcC 

Be Qe 

E =E 



of A;-linear maps. Since both D and C are £^-coalgebra, the vertical maps G^; in the 
diagram are isomorphisms by Proposition 14. 1[ Hence, j is an isomorphism. Since ? is 
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an equivalence, j is also an isomorphism and so 

En-cC = EU-^D . 

Since D has a normal basis, it follows from [TJ Corollary 2.2] that 

EDcC = EU-^D = E®B 

as left E'-comodule and right 5-module. □ 

Now we can prove our main theorem of this section. 

Theorem 5.3. Let B he a bialgebra. Then the collection C of all B-cocleft coalgebras is 
an idempotent radical class of Coalg-B . 

Proof. By Proposition 12. 6[ we only need to show that C satisfies (Rl), (R2a) and (R3). 

(Rl) Let C be a 5-cocleft coalgebra. Then there exists a cointegral 7 : C — > B. For 
any non-zero S-submodule coalgebra D oi C, 'jId : D — > B is clearly a cointegral of 
D. Hence D is also 5-cocleft. 

(R2a) Let C be a i?-module coalgebra and {Cj} a chain of B-cocleft subcoalgebras of 
C. Since Ci is an £^-coalgebra for all i, by Theorem 14.41 and (R2), D = [j-Ci = Ylii^i 
is also an £^-coalgebra. Note that D = Ui^i5(^«)- Since every simple subcoalgebra E 
of D is finite-dimensional, E is contained in ri£,{Ci) for some i. By Lemma 15.21 D is 
i?-cocleft. 

(R3) Let Ci,C2 be B-cocleft subcoalgebras of a right _B-module coalgebra C and 
D' = Ci A €2- By Theorem 14.41 D' is an £^-coalgebra. By [HI Lemma 9.1.3], 

For any simple coalgebra E of D', E C rj^'iCi) ot E C ?7d'(C2). Hence, by Lemma [5. 2[ 
D' is S-cocleft. □ 

Corollary 5.4. Let B be a bialgebra. Then every right B-module coalgebra C admits a 
unique maximal B-cocleft subcoalgebra C{C) of C , and C{C) = C{C) AC{C). Moreover, 
the following statements about a right B-module coalgebra C are equivalent : 

(a) C is B-cocleft; 

(b) there exists a B-cocleft subcoalgebra of C which contains the coradical of C ; 

(c) EB is B-cocleft for every simple subcoalgebra E of C. 

Proof. By Theorem 15. 31 the collection of all -B-cocleft coalgebras is an idempotent radical 
class of Coalg-B. The corollary follows immediately from Proposition 12. 5[ □ 

In closing of this paper, we give another proof for a normal basis theorem of Schneider 
[H Theorem HI] without assuming bijective antipode. 

Corollary 5.5. Let H be a Hopf algebra and C a right H-module coalgebra. Suppose 
that can : C ® H — > Cn-^C is infective and G{C)H contains the coradical of C , where 
G{C) denotes the set of all group-like elements of C . Then C is H-cocleft. 

Proof. For g G G{C), the injectivity of can implies that </> : H — > gH, h gh is an 
if -module isomorphism. Let if) : gH — > H be the inverse of </>, and tp = S o tp^ where 5* 
is the antipode of H. Then 

^ * i^igh) = J2 hiS{h2) = e{h)lH = J2 "^(^1)^2 = ^ * ^{gh) 
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for h G H. Therefore, ijj is a cointegral of gH. In particular, gH is if-cocleft. By 
Theorem 15.31 and (R2), G{C)H = J2geG(C) 9^ if-cocleft. Since G{C)H contains the 
coradical of C, it follows from Corollary 15.41 that C is if-cocleft. □ 
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